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Abstract—The periodic, mixed-mode, and chaotic regimes in the ferroin-catalyzed Belousov—Zhabotinskii
(BZ) reaction observed in a continuous stirred tank reactor (CSTR) reactor at various flow rates were experi-
mentally studied. It was found that an increase in the flow rate resulted in the appearance of various complex
oscillations. The possibility of the numerical simulation of experimentally observed asymptotic mixed-mode
oscillations and chaotic regimes with the use of a kinetic scheme that includes experimental rate constants of
each step of the ferroin-catalyzed BZ reaction was first demonstrated. The reaction scheme adequately
describes the bifurcation sequence of experimentally observed oscillating regimes.

INTRODUCTION

The Belousov—Zhabotinskii (BZ) reaction (the cata-
Iytic oxidation of malonic acid (MA) by bromate ions
in an acid medium) is the best studied reaction among
chemical autooscillation systems [1-5]. Cerium com-
pounds or ferroin (tris(1,10-phenanthroline)iron(ll))
are the most frequently used catalysts of this reaction
[1, 4, 5]. The BZ reaction catalyzed by cerium ionswas
studied in detail [6-9]. Various kinetic schemes were
proposed for this reaction to describe experimentally
observed regimes [8, 10-15]. In particular, a study of
the kinetics of individua steps of the BZ reaction
resulted in a kinetic scheme of 80 reactions [10]. The
ferroin-catalyzed BZ reaction is less understood,
although it is used to study nonlinear phenomena in
spatialy distributed systems|[5, 16, 17], to develop new
analytical methods for the determination of trace metal
ions[18, 19], and to analyze the state of ecological sys-
tems [20]. Note that various periodic, mixed, and cha-
otic regimes were observed in the BZ reaction cata-
lyzed by either cerium ions or ferroin [1, 6, 7, 9, 14].
However, until now no kinetic scheme of the BZ reac-
tion (with the use of experimental rate constants of indi-
vidual reaction steps) for describing these complex
regimes [10-14, 21, 22] has been established. Gyo6rgyi
and Field [11] found that mixed and chaotic regimes
observed in the BZ reaction catalyzed by cerium(l1)
ions can be described only by varying the rate constants
of certain steps by severa orders of magnitude. Previ-
ously [23], a kinetic scheme of the ferroin-catalyzed
BZ reaction was proposed based on an analysis of pub-
lished data. The experimentally measured rate con-
stants of individual reaction steps were used in this
scheme. An analysis of this kinetic scheme demon-
strated that it describes the smplest transient mixed-
mode oscillations observed in experiments.

This work was devoted to an experimental study of
various periodic, mixed, and chaotic regimesin the fer-
roin-catalyzed BZ reaction performed in a continuous-
stirred tank reactor (CSTR). The aim of this study was
also to describe the experimentally observed asymp-
totic mixed and chaotic regimes with the use of the
experimental rate constants of each step of the BZ reac-
tion based on anumerical simulation with the use of the
kinetic scheme proposed previously for the ferroin-cat-
alyzed BZ reaction.

EXPERIMENTAL

The experiments were performed in a 14.8-ml
CSTR thermostatted at 295.5 K. The reactants were
supplied to the reactor in the following concentrations:
[H,SO,], = 0.32 M, [MK], = 0.16 M, [KBrO;], =0.19 M,
and [ferroin], = 0.0017 M. The reaction mixture was
stirred with an electromechanical stirrer at a constant
rate of 900 rpm. The reactants were supplied with a
precalibrated hydrostatic pump, whose outflow rate
depends on the height of a solution over the reactor
level. In the experiments, the flow rate (k,, s') was var-
ied at a constant step of 1.7 x 10 s7L. In thiswork, the
value of k, rather than itsinverse, which correspondsto
the contact time, was used because the flow rate was
chosen asthe control parameter in theliterature devoted
to the bifurcations of autooscillation regimes of the BZ
reaction in a CSTR. We did not observe a hysteresis
phenomenon on increasing or decreasing k, in the
experiments. The course of the reaction was monitored
by measuring the potential of a platinum point elec-
trode in time, referenced to a silver—silver chloride
electrode, which was connected to a reactor solution
through a salt bridge. The time dependence of the plat-
inum point electrode potential corresponding to an
asymptotic oscillation regime was recorded after atran-
sient stage (no shorter than 1500 s). The analog signals
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were converted into digital signals by an anal og-to-dig-
ital converter at 0.1-s intervals and stored on a com-
puter.

The quantitative characteristics (period and ampli-
tude) of the experimental autooscillation regimes were
found with the use of programs developed for an IBM-
compatible personal computer. The maximum
Lyapunov exponent (MLE), which characterizes the
degree of chaos of the resulting time series, was calcu-
lated according to a published algorithm [24] at the
dimensionality of areconstructed phase space equd to 4.
The rate equations written in accordance with the pro-
posed kinetic scheme were numerically simulated
using the L SODE integration package [25].

RESULTS AND DISCUSSION

Figure 1 presents typical mixed-mode oscillations
[9, 14, 15] observed at different flow rates. These oscil-
lations are aternating sequences of large- and small-
amplitude excursions. Let us denote the large-ampli-
tude oscillations with an amplitude of the platinum
point electrode potential higher than 0.08 V by L and
the small-amplitude oscillations with an amplitude
smaller than 0.05V by S. Superscripted figures by the
symbols L and Sindicate the numbers of repeated suc-
cessive excursions of the same type. Figure 1a demon-
stratesthe simplest mixed-mode oscillations of theL,S,
type. Asymptotic oscillations of this type occur in a
range of k, = (3.33-3.83) x 10 s~!. Figure 1b demon-
strates a more complex periodic regime of the
(L,S5)(L,S,) type, which is a sequential alternation of
(L,;S5)- and (L,S,)-type oscillations, observed in the
range k, = (5.17-5.33) x 10~ s~'. We found the occur-
rence of chaotic regimes at high flow rates. In particu-
lar, at k, = 10.33 x 107 s7!, a chaotic regime was
observed, which consisted of a well-defined large-
amplitude peak and subsegquent small-amplitude oscil-
lations (Fig. 1c). Henceforth, we will denote this type
of oscillation by C,. The nonrepeated random structure
of the reconstructed phase portrait is indicative of a
chaotic character of the observed regime (Fig. 2). The
other evidence for the chaotic character of the observed
aperiodic autooscillations is a positive MLE value,
which isequal to 0.111 s7'. In the range k, = (11.33—
14.33) x 1073 s7!, quasi-periodic (QP) oscillations were
detected, which are small-amplitude oscillations with a
periodically changed amplitude (Fig. 1d).

To determine the bifurcation sequence of mixed-
mode oscillations at different flow rates, we performed
adetailed study of asymptotic regimes observed at dif-
ferent values of k,. Table 1 summarizes the types of
asymptotic mixed modes observed at flow rates higher
thank,=0.5 x 103 s~1. Lower flow rates are much more
difficult to use because of a long transient regime,
which islonger than several tens of hours. Atk, = 0.5 x
107 s7!, periodic large-amplitude R-oscillations were
observed, which did not disappear upon the continuous
supply of the reactants for 20 h. At k,=2.83 x 103 57!,
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L,S, oscillations were observed, in which one small-
amplitude excursion was observed after seven large-
amplitude excursions. At k, = (3.00-3.17) x 107 s7!,
LS, oscillations were detected in the system, whereas
the smplest L;S;, mixed-mode oscillations were
observed in the range k, = (3.33-3.83) x 1073 s7! (see
Table 1 and Fig. 1a). A further increasein k, resulted in
the appearance of the (L,S,)(L,;S,) oscillations, which
evolved totheL,S, regimeat ky =4.33 x 1073 s

An analysis of data given in Table 1 indicates that
the fraction of small-amplitude oscillations gradually
increased as the flow rate was increased. In the general
case, transitions between simple mixed-regime oscilla-
tions of the L;S, and L,S,,,; types, which were
observed in the range k, = (3.33-7.50) x 107 s/,
occurred through a bifurcation of the addition of one
S-oscillation in the sequences of LS, oscillations
[14, 15]. This resulted in the appearance of regimes
consisting of L,S,and LS, , , oscillations, as supported
by the entire set of data given in Table 1. For example,
on going from periodic oscillations of the L,S, type
to L,S; oscillations at k, = 4.50 x 103 s7!, the
2(L,S,)(L,;S;) regime was observed, which gave way to
the (L,;S,)(L,S;) regime at k, = 4.67 x 1073 s, The
bifurcations of the L,S;, L;S,, L;Ss, L;S;, and L,S,
regimes occurred in a similar manner (see Table 1 and
Fig. 1b). TheL,S, regimeisthe most complex periodic
regime detected in our experiments. More complex
regimes were observed in the range k, = (7.67-11.17) x
1073 s7! as chaotic mixtures of L;S, oscillations, in
which the number of small-amplitude excursionsirreg-
ularly changed (see Table 1 and Fig. 1c). Note that the
maximum Lyapunov exponents (Table 2), which take
positive values, suggest that chaotic rather than periodic
regimes occurred in the above range of k. At k, = 11.33 x
1073 s7!, large-amplitude L-oscillations disappeared
from chaotic sequences, and only quasi-periodic oscilla
tions, whose amplitude was changed periodicaly, were
observed (see Table 1 and Fig. 1d). Oscillations of this
type occurred in arange of ky = (11.33-14.33) x 103 s,
Attheflow ratek, > 14.33 x 103 57!, asteady state (SS)
was abserved in the system.

To simulate the experimentally observed mixed-
mode oscillations, we used the previously proposed
kinetic scheme [23], which is given in Table 3. This
kinetic scheme consists of 29 reactionsfor 12 chemical
compounds, whose concentrations are independent
variables. This scheme may be tentatively subdivided
into the following three groups of reactions: (A) reac-
tions between bromine-containing compounds, (B)
reactions with the participation of bromine-containing
compounds and MA derivatives, and (C) reactions with
the participation of ferroin. Group A reactions are com-
mon for all bromate oscillators[1], and they include the
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Fig. 1. Time dependence of the platinum point electrode potential in the BZ reaction at the flow rates ky, s: (@) 3.50 x 1073
(L;S; oscillations), (b) 5.33 x 107 ((L;S3)(L4S,) oscillations), (c) 10.33 x 1073 (large-amplitude chaotic C, oscillations), and

(d) 13.33 x 10> (quasi-periodic QP oscillations).

reactions of bromate ions and their reduction products.
Group B reactions describe the oxidation of MA and its
derivatives except for reactionswith the participation of
the catalyst. Group C reactions describe the interac-
tions of ferroin (Fe?*), ferroin (Fe**), and other compo-
nents of the autooscillation reaction.

In accordance with the kinetic scheme given in
Table 3, the rate equations are briefly written as fol-
lows:

2002
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dc, _

0
dt fi(ClV""Cil""C12)+k0(Ci_Ci)’ (1)

=12 ..,12,

where C, is the concentration of the ith component in

the reactor, CiO isits concentration at the reactor inlet,
k, istheflow rate, and f;(C,, ... C, ... C,,) istherate of
change of the ith component concentration written in
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Fig. 2. Phase portrait reconstructed for a chaotic trajectory shown in Fig. 1c. Thetimedelay tis1s.

accordance with the kinetic scheme presented in Table 3.
The system of differential Egs. (1) is given in the
Appendix. The calculation was performed at T = 298 K
and the following inlet and initial reactant concentra-
tions: [Br], = 107 M, [MK], = 0.22 M, [BrO;], =
0.15 M, and [ferroin], = 0.0017 M. Theflow rate k, was
chosen asthe control parameter. To construct a bifurca-
tion diagram of autooscillation regimes at given values
of the control parameters, the system of differentia
Egs. (1) wasintegrated; as aresult, kinetic curves were
obtained. To exclude transient regimes from consider-
ation, the first 10000 s were not taken into account.
Oscillation amplitudes were determined by analyzing
the obtained kinetic curves, and these values were plot-
tedinabifurcation diagram at agiven value of k,. At the
same value of k,, the concentrations of different com-
ponents of the test system changed with time in quali-
tatively different manners. The widest variety of oscil-
lation regimes was found for HOBr. Therefore, Figs. 3
and 4 illustrate autooscillation regimes and bifurcation
diagrams, respectively, by the example of HOBr. Note
that the time dependence of the concentration of hypo-
bromous acid is inconsistent with the experimental
dependence of the platinum point electrode potential,
because the potential and the oscillation phase of aplat-

inum point electrode depend on the actual concentra-
tions of all components of the autooscillation system.
However, such a comparison can be made for experi-
mental and numerically simulated bifurcations of
autooscillation regimes. Tables 4 and 5 summarize the
autooscillation regimes and bifurcation points found by
numerical simulation.

Data given in Fig. 3 illustrate various oscillation
regimes obtained by numerical simulation. Figure 3a
demonstrates the LSJ regime, which is a repeated
sequence of large-amplitude L-oscillations, small-
amplitude S-oscillations, and oscillations as concentra-
tion jumps denoted by J. Unfortunately, we failed to
experimentally observe J-oscillations by detection
using platinum point, bromide, glass, and carbon elec-
trodes. Small-amplitude oscillations disappeared as the
flow rate was increased. Because of this, the LJ regime
(Fig. 3b) was observed, which wastransformed into the
L;S, regime when k, was further increased (Fig. 3c).
This regime only qualitatively corresponds to that
found experimentally (see Fig. 1a) because S-oscilla-
tions obtained in the numerical simulation manifest
themselves as awave near a minimum concentration of
hypobromous acid. Periodic complex-shaped oscilla
tions, which we designated as regular (R), were
No. 2

KINETICS AND CATALYSIS Vol. 43 2002



PERIODIC, MIXED-MODE, AND CHAOTIC REGIMES

observed when k, was further increased. Figure 3d
shows an example of R-oscillations. An increase of the
flow rate resulted in the addition of small-amplitude
excursionsto mixed-mode oscillations. Thus, Fig. 3edem-
onstrates the L,S;L,S, regime observed at logk,, [s7!] =
-1.66. This regime is consistent with that found
experimentally (see Fig. 1b). The regimes shown in
Figs. 3a—3e are periodic. Along with periodic oscilla
tions, we detected chaotic C; oscillations, which are
analogous to experimentally observed oscillations,
shown in Fig. 3f. The chaotic character of oscillations
was supported by positive MLE values. In particular,
MLE = 0.019 s for data shown in Fig. 3f. Moreover,
the phase portrait of chaotic oscillations exhibits anon-
repeated random structure, which is similar to that in
Fig. 2. Note that the average time interval between
large-amplitude oscillations is one order of magnitude
longer than the corresponding value for the oscillations
of the platinum point electrode potentia (see Fig. 1c).
Figure 3g demonstrates quasi-periodic oscillations
(QP), which appear because of the superposition of two
independent frequencies resulting in a periodic change
in the amplitude of oscillations. These oscillations are
consistent with those found in experiments (see
Fig. 1d); however, their modulation periods differ by
more than one order of magnitude. Figure 3h demon-
strates periodic small-amplitude oscillations observed
near the point of a steady-state stability loss, which are
designated by eR.

Figure 4a demonstrates a bifurcation diagram that
describes changes in the oscillation amplitude with
changesin the flow rate over the entire region of occur-
rence of oscillations. At logk,, [s™!] <—4.456, a steady

state was observed. Oscillations of the LSJ type
appeared as k, was increased; Fig. 4b demonstrates the
region of occurrence of these oscillations. An analysis
of this bifurcation diagram and a comparison with data
given in Figs. 3a and 3b indicate that the top, medium,
and bottom curves correspond to L-, J, and S-type
oscillations, respectively. The zero amplitude (bottom
straight line) corresponds to a steady state.

At logky, [s7!] = (-4.456)—«(—4.130) (Fig. 4b), the
coexistence of a steady state (SS) and autooscillations
was observed: either autooscillations or a steady state
were observed, depending on initial conditions. Thus,
the scheme of bifurcation transitions corresponding to
the appearance of R-oscillations with increasing k, can
be written asfollows. SS — LSJ — L] — R.

A further increase in the control parameter resulted
in the appearance of chaotic oscillations through a
period-doubling bifurcation and transition to the region of
mixed-maode oscillations, as shown in Fig. 4c. Figure 4d
demonstrates a bifurcation diagram of various mixed-
mode and chaotic oscillations. At small values of k,,
various mixed-mode regimes were observed, one of
whichisshownin Fig. 3e.
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Table 1. Asymptotic mixed-mode oscillations observed at
different CSTR refresh rates

ko x 103, st Regime
0.50-2.67 R
2.83 L,S
3.00, 3.17 LS,
3.33-3.83 LS
4.00, 4.17 (L1SP(L1S)
433 LiS
450 2(L1S)(L1S3)
4.67 (L1SH)(L1Sy)
4.83, 5.00 L1S
5.17,5.33 (L1S5)(L1Ss)
5.50 (L1S2)2(L1Sy)
5.67 L1S,
5.83 AL1Sy)(L1Ss)
6.00-6.33 (L1S)(L1S)
6.5 (L1S)2(L1S5)
6.67 LiSs
6.83 (L1S5)(L1Sy)
7.00 2(L1Se)(L1Sy)
7.17 LiS;
7.33 (L1S7)2(L1Sy)
7.50 L1So
7.67-11.17 C
11.33-14.33 QP
>14.33 SS

Table2. Largest Lyapunov exponents for chaotic regimes
observed within the range of CSTR refresh rates (7.67—
11.17) x 103s?t

ko x 103, st MLE, s?
8.17 0.094
8.67 0.116
9.00 0.118
9.50 0.085
9.83 0.098

10.33 0.111
11.00 0.121
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Table 3. Kinetic scheme of the ferroin-catalyzed Bel ousov—Zhabotinskii reaction?

No. Reaction Rate constant? | Reference
A. Reactions between bromine-containing compounds
1 Br~+ BrO; + 2H" — HOBr + HBrO, 0.5 [10]
2 HOBr + HBrO, —» Br+ BrOj + 2H* 33 [10]
3 HBrO,+ Br~+ H* — 2HOBr 1x10° [10]
4 2HOBr —= HBrO, + Br + H* 2x10° [10]
5 HOBr + Br + H* — Br, + H,0 1.15x 10° [10]
6 Br, + H,O —> HOBr + Br+ H* 2 [10]
7 2HBrO, — BrOj + HOBr + H* 3000 [10]
8 | BroO; +HOBr+H" —» 2HBrO, 3.75x 107 [10]
9 BrO; + HBrO,+ H* — 2BrO, + H,0 25 [22]
10 2BrO, + H,0 —» BrO; + HBrO, + H* 4.2 x 107 [22]
B. Reactions with the participation of bromine-containing compounds and malonic acid derivatives
11 MA + Br, —> BrMA + Br-+ H* 28.65 [23]
12 MA + HOBr — BrMA + H,O 8.2 [10]
13 BrMA + HOBr — product 0.1 [10]
14 2BrMA" + H,0 —= BrMA + BrTTA 1x10° [10]
15 BrMA® +BrO, + H,0 — HBrO, + BITTA 5x 10° [10]
16 BIMA  +MA" +H,0 — MA + BITTA 1x10° [10]
17 MA" +BrO, —= product 5x 10° [10]
18 MA’ +BrO; +H* —= BrO, + product 20 [10]
19 BrTTA — Br~ + product 1 [10]
20 BrMA™ +BrO; +H* —= BrO, +BrTTA 20 [10]
C. Reactions with the participation of the catalyst®
21 Fe* + BrO, + H* —= Fe** + HBrO, 5x 108 [22]
22 2Fe?* + BrO; + 3H* —» 2Fe® + HBrO, + H,0 0.1 [22]
23 | 2F€&?* +HBrO, + 2H* — 2Fe* + HOBr + H,0 1 [22]
24 | 2Fe?* +HOBr + H* —= 2Fe* + Br + H,0 5x107 [22]
25 2F€?" + Br, + HY —> 2Fe*" + 2Br~ 100 [22]
26 | 2Fe™ +2Br — > 2F€* + Br,+ H* See note” [22]
27 | Fe*+MA —Fe* +MA" +H* 1x107? [23]
28 Fe’* + BrIMA —» Fe&®* + BIMA™ + H* 20 [23]
29 | Fe*+BrMA" +H' —» Fe® + BIMA 2x10° [23]

Note: MA is malonic acid, BrMA is bromomalonic acid, BrTTA is 2-bromo-2-hydroxymalonic acid, Fe?t is tris(1,10-phenanthro-
line)iron(I1) (Fe(phen)?), and Fe3* istris(1,10-phenanthroline)iron(l11) (Fe(phen)g+ ).
8The concentrations[H*] = 0.5 M and [H,0] = 55.56 M are included in the rate constants; the reaction rate constants were taken at
T=298K.

b The rate constants of reaction nos. 6 and 19 are in units of s the other rate constants are in units of | mol=t s,
€ The rates of reaction nos. 21-25 and 27-29 are w; = k; [Fe?*] [bromine-containing compound].

dThe rate of reaction no. 26 iswag = (kg + kg [BI1)[Fe**][Br], where kog = 4 x 1071 mol ™ s and kg = 1.8 x 10212 mol 2 72,
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Fig. 3. Time dependence of log[ HOBr] obtained by the numerical simulation of the kinetic scheme given in Table 3: (a) L SJ oscil-
lationsat logk , [s~!] =—4.42, (b) LI oscillations at logky, [s™'1=-3.20, (c) LS, oscillations at logk,, [s™'1 = -2.25, (d) regular
oscillations (R) at logk, , [s~!] = —1.83, (€) mixed-mode oscillations of the (L;S3)(L;S4) type a logk,, [s™'] = -1.66, (f) large-
amplitude chaotic oscillations (Cp ) at logk,,, [s~1] =—1.55297, (g) quasi-periodic oscillations (QP) at log Ko » [s~!] =—1.55296, and
(h) small-amplitude periodic oscillations (eR) at logk, [s~'] = -1.55160.

At high values of k,, chaotic oscillations of the C;,
type were observed (Figs. 3f and 4d), which trans-
formed into small-amplitude quasi-periodic QP oscilla-
tions (Figs. 3g and 4€) upon a further increase in the
flow rate. At logk,, [s7'] = —1.552933, the system
changed to a region of small-amplitude €R oscillations
near a steady state, which lost its stability because of a
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Hopf bifurcation. At logk,, [s*}] >—1.5515, a sustained
steady state was observed in the system (Fig. 4f).

Table 4 summarizes various oscillation regimes for
all independent components of the test system; these
regimes were obtained at low flow rates. A steady state
and a hifurcation region of period doubling are desig-
nated by SS and PD, respectively. Oscillations
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of the appearance of regular (R) oscillations; (c) bifurcation diagramintherange logk, [s1=-1.8285...-1.8267, which describes
a period-doubling bifurcation and the appearance of mixed-mode oscillations; (d) bifurcation diagram in the range logk , [sY =

—1.85...-1.54, which describes the bifurcations of mixed-mode oscillations; (e) bifurcation diagram in the range logkg, [s‘l] =
—1.552968...—1.552933, which describes the bifurcations of chaotic C; and quasi-periodic QP regimes; and (f) bifurcation diagram
in the range logk [s7Y = -1.5528...—1.5512, which describes a change in oscillation amplitudes near a Hopf bifurcation point.
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appeared at the same value of logk,, [s7'] = —4.456 for
al of the BZ reaction components. In the range of
logk, , [s!] values from —4.456 to —4.130, the coexist-
ence of oscillations and a steady sate was observed. In
the bistability region and further up to avalue of logk,,

[s'] equal to —1.8283, system components exhibited
regular or mixed-mode L;S, or L;S, oscillations; in this
case, the most complex regimes were observed for
HOBr and Br,. In the region —1.8283 < logk,, [s!] <

-1.8263, a sequence of period-doubling bifurcations
occurred. After completion of this sequence, small-
amplitude oscillations appeared in the time dependence
of HOBr concentration. The positions of these oscilla-
tions with respect to a large-amplitude autooscillation
are consistent with those found experimentally (see
Figs. 1a, 1b, and 3¢). Thus, at logk,, [s'] > —1.8263,
the autooscillations of [HOBr] found by numerical sim-
ulation correspond in shape to those found experimen-
tally.

Table 5 summarizes some regimes of [HOBr] oscil-
lations obtained by numerical simulation at flow rates
that correspond to the occurrence of mixed-mode oscil-
lations and their disappearance at high k,. Note that
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bifurcation sequences are similar for other system com-
ponents, although the shapes of autooscillations and the
amounts of small-amplitude excursions can be differ-
ent. An analysis of data given in Table 5 demonstrates
that an increase in the flow rate is responsible for the
appearance of abifurcation sequence of the addition of
small-amplitude excursions, which isqualitatively con-
sistent with the data presented in Table 1. Moreover, in
some cases, regimes were observed in which the ratio
between small- and large-amplitude oscillations was
quantitatively consistent with the experimental data.
The occurrence of L,S,, L,S;L;S,, L,S,L,Ss, L,Ss,
L,SsL;Se, L,S;, and L,;S, regimes and quasi-periodic
oscillations was found both by numerical simulation
and experimentally. Note that bifurcations of the LS,
regimes were preliminarily observed in the experiments,
whereas, according to the numerical smulation, bifurca:
tions of the L,S,, regimes occurred over awide range of k,

(-1.8025 < logk,, [s'] <—1.7056). This difference dis-
appeared on going to the region of existence of L,S,
regimeswith n> 4. Inthiscase, anincrease of k, clearly
indicates the existence of a bifurcation sequence of the
addition of small-amplitude excursons in mixed-mode
oscillations (see Table 5). Table 5 gives the regions of

Table4. Oscillation regimes of reaction components obtained by numerical simulation in accordance with the kinetic

scheme (Table 3) at low flow rates (see Table 3 for notations)

Autooscillation reaction components
logko, [s7] : N . :
Br | HBrO,| BrO, | Fe** |BITTA| MA | BrMA | BrO; | MA" [BrMA'| HOBr | Br,
4.456 =S
4'392 SSR SSR SSR SSR SSR SSR SSRI|SSL;SSS LS| SS R |SSLS) SS R
4'304 SSR SSR SSR SSR SSR SSR SSRI|SSL;S SSLiS| SSR |SSLS) SS R
4.296 SSR SSR SSR SSR SSR SSR SSR|SSL;S| SSR SSR |SSLSJ SSR
4.266 SSR SSR SSR SSR SSR SSR SSRI|SSL;S| SSR SSR |SSLSJ| SS LI
4'130 SSR SSR SSR SSR SSR SSR SSRI|SSL;S| SSR SSR|SSLJ SS LI
4'090 R R R R R R R LS R R LJ LJ
‘ R R R R R R R R R R LJ LJ
-3.917
3.864 R R R R R R R R R LJ LJ LJ
3'772 R R R R L,S; R R R R LJ L,S; LJ
3.328 R R R R R R R R R LJ LS LJ
2'816 R R R R R R R R R LJ LS | LS
2'756 R R R R R L,S; R R R LJ LS | LS
2'408 R R R R R R R R R LJ LS | LiS
2'340 R R R R R R LS, R R LJ LS | LS
' R R R R R R R R R LJ LS | LS
2170 R R R R R R R R R LJ R L
~1.8283 15
PD
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Table5. Some [HOBI] oscillation regimes obtained by nu-
merical simulation in accordance with the kinetic scheme
(Table 3) and the ranges of flow rates corresponding to the
occurrence of mixed-mode oscillations

Range of log(ko, [s™]) Regime
—1.8283.--—1.8263 PD
—1.8213---—1.8076 LsS;
~1.8025--—1.7770 L,S,
~1.7756---1.7624 L,S,L,S,
~1.7588.—1.7376 L,S,
~1.7368--—1.7288 L,S,L,S;
—1.7263---—1.7095 L,S;
~1.7088--—1.7056 L,Ssl,S,
~1.7044--—1.6900 L,S,
~1.6870-—1.6751 L,Ss
~1.6737--—1.6625 L,SiL,S
~1.6614-—1.6545 L,SsL1S,
~1.6532-—1.6445 L,SsL1Ss
~1.6438.-—1.6388 L,SiL:Ss
~1.6381-—1.6312 L,Ss
~1.6306-—1.6282 L,SsL1Ss
~1.6268-—1.6213 L,Ss
~1.6182---1.6138 L,S,
~1.6113--—1.6080 L,Ss
—1.6057---—1.6028 LSy
~1.6013-—1.5987 L;S
~1.5969--—1.5951 L,Sy
~1.5937--—1.5919 L;Sp,
~1.5908-—1.5894 L,Si5

—1.552965---—1.552935 QP

—1.552935.--—1.5515 eR

>-1.5515 SS

existence of L,S,, regimes up to the L;S,; regime. At
higher k,, some small-amplitude oscillations degener-
ated into inflections to result in aformal decreasein the
amount of small-amplitude excursions. However, if the
numbers of small-amplitude excursions and inflections
are taken into account, the regions of existence of L,S,
mixed modes with n > 13 can be found. Data given in
Table 5 and Fig. 4d suggest that the widths of the
regions of existence of L,S,, mixed modes decreased
with increasing n. Note that, on going from an L;S,,
periodic regime to another one by changing the flow
rate, the occurrence of chaotic regimes can be detected
at certain k,. Mixed-mode oscillations and chaotic

regimes disappeared at logk,, [s'] = —1.552965, and

KALISHIN et al.

guasi-periodic autooscillations appeared in the system
(see Fig. 3g). As k, was increased, these oscillations
transformed into periodic €R regimes, which occur near
a steady state that became unstable because of a Hopf
bifurcation. At logk, , [s"'] >—1.5515, asustained steady

state was observed. Thus, an analysis of data given in
Tables 4 and 5 demonstrated that the concentrations of
various componentsin the system can vary in different
manners at the same value of k; this manifestsitself as
the occurrence of k, rangeswith different types of oscil-
lations of component concentrations. However, the
bifurcation sequence is common for al system compo-
nents: SS — SS, R — R — PD — L_S,, and
C, — QP — eR — SS.

Thus, based on an analysis of the kinetic scheme
presented in Table 3, we found that the mixed-mode
and chaotic oscillations of the ferroin-catalyzed BZ
reaction performed in a CSTR can be modeled. We
found a qualitative agreement between the experimen-
tal and simulated bifurcation sequences and their
details observed under changes in the flow rate. As k,
was increased, bifurcations of the addition of small-
amplitude excursions were observed in both experi-
ments and numerical ssimulation. In theranges of k, val-
ues between simple regimes, oscillation sequences con-
sisting of these regimeswere observed (seeFigs. 1b and
3e). At high flow rates, large-amplitude chaos C, (see
Figs. 1c and 3f and Table 2) and quasi-periodicity QP
(see Figs. 1d and 3g) were observed. Based on a com-
parison between autooscillation regimes observed for
various components of the BZ reaction, the common-
ness of bifurcation sequences for all chemical compo-
nents of the system was demonstrated. However, we
found some differences observed by comparing the
results obtained. In particular, L,S, regimes were pri-
marily observed in the experiments, whereas the mod-
eling in accordance with the kinetic scheme resulted in
LS, regimes over a wide range of k,. Moreover, we
failed to detect J-oscillations in experiments with plati-
num point, bromide, glass, and carbon electrodes. The
kinetic scheme predicts the occurrence of aperiod-dou-
bling bifurcation and a hysteresis between a seady ate
and aregular regime, which we failed to detect experimen-
taly because of the narrow region of existence of a period-
doubling bifurcation (Alogk,, [s7'] = 0.002) and the
impossibility of studies at low flow rates.
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APPENDIX

System of differential Egs. (1) corresponding to the
kinetic scheme given in Table 3.
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% = _K[Br][BrOg + k,[HOBI] [HBrO,]

—Ks[HBro,] [Br] + k,[HOBI] > — ke[ HOBI] [Br]
+Kg[Bry] + Ky [MK][Br,] + K[ BITTK]
+ Koy FE" 1 [HOBI] + 2Kus[ Fe™][BIr,]

—2(Kas + ke[ Br 1) ([Fe* 10— [Fe*)[Br]
+ko([Bro—[Brl);

d[Br,]
dt

—ky[MK][Br,] —ks[Fe"1[Br,]
+ (Ko + Keoo[ B 1) ([F€” 10— [Fe*"1)[Br] —ko[Br,l;

w = k,[Br][BrO3 — k,[HOBI [HBrO,]

= ks[HOBI][Br] —kq[Br,]

+ 2k [HBrO,] [Br] — 2k,[HOBI] > — ks[HOBI] [ Br]

+ ke[ Br,] + k,[HBro,]* — kg[ BrO3] [HOBI]
— K[ MK] [HOBI] — k5[ BrMK] [HOB]

+ Kys[ FE] [HBrO,] — kyu[ Fe**][HOBY] —k,[HOBI];

d[HBrO,]
at

= k,[Br]1[BrO3] —k,[HOBr][HBroO,]

—ky[HBrO,] [Br] + k,[HOBI] > - 2k,[HBrO,]?
+ 2Kg[ BrO3] [HOBI] — ko[ BrO3] [HBrO,]
+kyo[ BrO3]” + kys[BIMK][BrO;] + kyy[F€ ] [BrO;]
+ Kyp[ F€*"] [BrO3] — kys[ Fe”"] [HBrO,] —k,[HBroO,;

d[BrO,]
dt

= 2ko[BrO3] [HBrO,] — 2k;o[BrO;]

—le[BrMK'] [BrOé] —k17[MK'] [BrOé]
+ kig[ MK 1[BrO3] + ko[ BrMK "][BrOg]
— ko1 [FE*'1[BrO;] — ko[ BrO;];

% = —ky[Br][BroOj] + k,[HOBI] [HBrO,]

+ k,[HBrO,]? — kg[ BrO3] [HOBI]
— ko[ BrO3] [HBrO,] + ky[BrO;]*
— k5[ MK ][BrO3] — ky[BrMK ][BrO3]
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—koo[ FE*'1[BrOg] + ko([BrO3] o —[Brog]);

d[BITTK]

G = kulBMKT" +kys[BrMK'][BrO]

+ Ko [BIMK "J[MK '] = ko[ BITTK]

+ Koo BIMK "][BrO3] — ko[ BITTK];

d['(\J/ItK] = — Ky [MK][Br,] —k;,[MK][HOBr]

+ k[ BIMK T[MK ] — ko7 ([F€*To—~ [F€*'] ) [MK]
+ Ko([MK] o —MK);

d[MK'] _ : :
o = K[ BIMK ][MK]

- k17[MK.][BrOé] - kls[MK'][BrOﬂ
+ ko ([Fe*To— [Fe*1)[MK] —ko[MK T;

d[B(rjI:/IK] = ky[MK][Br,] + k[ MK][HOBI]

—Kkys[BIMK] [HOBI] + k[ BIMK ‘]2
—kog([FE*" 10— [Fe*])[BrMK]

+ Kyo[ FE™] [BIMK '] — ko[ BIMK] ;

d[Brd'\t"K ] = ok, [BIMK ]2 = k[ BIMK '][BrO;]

—ky[ BIMK '] [MK '] = ko[ BrIMK "][ BrO7]
+ kog([Fe* 1o~ [F€*])[BIMK]
— ko[ FE™][BIMK '] — ko[ BIMK '];

d[Fe™]
dt

= —k,[Fe*'][BrO;] — 2[Fe™]

% (Ky[BrOg] + k5[ HBrO,] + k,,[HOBI] + k5[ Br,])
+ 2(Kgo + Koz Br]) ([Fe” 1o~ [Fe*])[Br]
+ ko ([Fe™ 10— [Fe™T)[MK]
+ kog([FE™ 0= [FE™]) [ BIMK]

—kyo[FE™1[BIMK '] + ko([F€™ 10— [FE™]).
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